We have constructed models of axisymmetric, circumstellar envelopes for Be star discs by successfully combining two numerical codes: a non-local thermodynamic equilibrium (non-LTE) radiative transfer code which calculates the level populations and disc temperature distribution self-consistently, and a hydrodynamical code. The output of one code is used as input to the other code, and hence evolving density and thermal structures may be examined. The temperatures, disc density and velocity distribution are used to investigate the outflowing viscous disc model for Be stars. We find that these simulations place constraints on the power-law density decrease in the disc with increasing distance from the star. We find that the power-law index for the line-forming region of the disc lies between 3 and 3.5 with a small dispersion.
I N T RO D U C T I O N
B-emission (Be) stars are rapidly rotating stars (∼100s of km s −1 ) on or near the main sequence, which have been observed to have Balmer emission lines in their spectrum at some time. Often emission lines of singly ionized metals are also observed. The Be stars encompass a diverse group of objects, but typical characteristics also include: spectral variability on a range of time-scales, doubly peaked hydrogen emission lines, infrared (IR) and radio continuum excess, and a high degree of linearly polarized light which may also be variable.
The first model proposed to explain the source of the emission emanating from Be stars is credited to Otto Struve in 1931 (Struve 1931 ). This simple model uses rapid rotation to explain the existence of circumstellar gas in the equatorial plane of the star. The gas is ionized by the central star and produces emission when atoms radiatively recombine. In this model, the observed variety in the shapes of the emission lines is explained by differences in inclination angles from star to star. We now know that this model is too simplistic to explain all of the observations.
More recently, interferometric observations have confirmed the expectation that the circumstellar gas which produces emission is not spherically symmetric but is distributed in a thin disc-like structure (Dougherty & Taylor 1992; Quirrenbach et al. 1993; Stee et al. 1995; Tycner et al. 2004 ). This dense (∼10 12 particles cm −3 , near the stellar surface) slowly outflowing gas (∼a few km s −1 near the star) which is concentrated in the equatorial plane of the star is surrounded by a fast (∼1000s of km s −1 ) outflowing, hot (10 5 K), E-mail: cjones@astro.uwo.ca †Deceased.
less dense polar wind which has approximately the same spectral features as normal B stars. Since Struve's model, there have been several dynamical models presented in attempt to explain the existence and maintenance of the circumstellar envelopes of Be stars (see the review by Porter & Rivinius 2003) . Recent work has concentrated on wind compressed discs (see e.g. Bjorkman & Cassinelli 1993) , viscous discs (see e.g. Okazaki 2001 ) and magnetically torqued discs (see e.g. Maheswaran 2003) , although none of the models proposed thus far have been completely successful.
Here, we concentrate on the viscous disc model for Be stars. We have combined a non-local thermodynamic equilibrium (non-LTE) radiative transfer code with a hydrodynamical code, and hence we are able to calculate both the gas dynamics and the ionization and thermal structure self-consistently.
Viscous transport of angular momentum throughout the disc may produce outward flow (Lee, Saio & Osaki 1991) . In this scenario, angular momentum is added at the inner edge of the disc; material drifts off the stellar surface into the disc and are then transported outward as it gains angular momentum. These discs are almost identical to accretion discs except that they are a net sink of angular momentum from the star, and that they produce radial outflow. Okazaki (2001) presents time independent solutions of the disc density and velocity structure of such discs. These viscous outflowing discs (sometimes named 'decretion' or 'excretion' discs in the literature) have been found to be able to fulfill several observational criteria: as they are close to Keplerian, they can become unstable to one-armed oscillations and hence produce the observed line-profile variations (Okazaki 2001) , they can also reproduce the observed IR continuum excesses (Porter 1999) , and can explain the slow, equatorial, outflow velocities (Clark, Tarasov & Panko 2003) .
Viscous disc dynamics 1923
As the viscous time-scale for a relevant model disc is ∼10 2 d, and Be star discs are observed to persist for decades, then it may be surmised that they must be stable. However, Be stars have also been observed to undergo phase changes where the disc is lost (Hirata 1995; Kroll & Hanuschik 1997; Rivinius et al. 1998; Telting et al. 1998; Bjorkman et al. 2002) . Also, a few stars have shown signs of building a disc when emission was detected, usually in Hα, where none had been observed before (Miroshnichenko et al. 2003) . The disc loss episodes occur over a range of time-scales, from 10 2 to 10 3 d, which may be taken as evidence that the disc disperses in some fashion on a viscous time-scale. In this work presented here, the generation phase and the dissipation phase of viscous discs are presented along with their respective observable quantities. This is done as viscous discs appear to be able to provide an explanation of static Be star discs, and so attempting to model dynamically evolving discs may highlight any deficiencies in the paradigm.
Whilst this is a numerically feasible problem to attempt, it avoids discussion of either the source of angular momentum, or the region of the disc in which it is deposited. Rather, it may be taken as an attempt to provide a 'boundary condition' to the complete problem of how Be star discs form.
See also, Jones, Porter & Sigut (2005) where further discussion and preliminary results were presented.
T H E O RY
The theory of viscous discs has been discussed by several authors: for example, Shakura & Sunyaev (1973) , and the reviews by Pringle (1981) and Frank, King & Raine (1992) , all of which examine accretion discs. These discs have two noteworthy features: the first is that the viscosity is parametrized using the α-prescription, which describes the ratio, averaged over the disc, of the product of the turbulent eddy size and speed to the product of disc scaleheight and sound speed. The second feature is that the discs flare with the scaleheight given by H ∝ R 3/2 . Viscous outflowing discs have received less attention -Popham & Narayan (1991), Pringle (1991) and Narita, Kiguchi & Hayashi (1994) discuss the case in which angular momentum is added to the disc at the inner edge by the central source. Lee et al. (1991) , Okazaki (1997) and Porter (1999) discuss viscous outflowing discs in the context of Be stars.
The ionization structure of a disc is essentially determined by its density, temperature and velocity distributions. In turn, its thermal structure affects the dynamical evolution of the disc. In recognition of this interdependence, full modelling of the disc evolution requires consistent dynamical and thermal calculations. We have combined the ionization code of Jones, Sigut & Marlborough (2004) with a numerical hydrodynamic code based on the scheme of Falle (1991) . The hydrodynamic code is azimuthally symmetric, uses an α-prescription for the viscosity (Shakura & Sunyaev 1973 ), but does not include direct radiative forces on the gas. We run the hydrodynamic code and the ionization code in series: we evolve the density field hydrodynamically for 1 d (model time), then we recalculate the temperature and ionization structure, and repeat. In this way, we may follow the disc structure in time.
Theoretical considerations and model approach
The three time-scales relevant (in days) for this problem are: (i) the time taken to reach radiative equilibrium, τ r (or alternatively, the recombination time-scale), τ r ∼ 1 270 n 10 (1) (Osterbrock 1989) . Here, n 10 is the density in units of 10 10 cm −3 . (ii) The time taken to reach hydrostatic equilibrium in the direction normal to the equatorial plane, τ h ,
Here, c s is the sound speed in the disc (see below) and the disc scaleheight is given by H = Rc s /v φ . In these expressions, R is the radial distance, M * and R * are the stellar mass and radius, and M o and R o are the solar mass and radius. (iii) The time taken for the radial structure of the disc to change significantly due to the action of viscosity, τ v , the viscous time-scale,
Here, ν is the viscosity, expressed in the familiar α-prescription of ν = αc s H and T 4 is the disc temperature in units of 10 4 K. From these expressions, the hierarchy of time-scales is such that τ r < τ h < τ v in the inner regions of the disc. The disc growth and decay phases will take place over the viscous time-scale, and over this, the disc can be assumed to be in both hydrostatic and radiative equilibrium. This fact may be used to simplify the computational aspect of the disc evolutionary dynamics: the hydrodynamic aspect of the problem may be solved using a one-dimensional approach as long as radiative equilibrium is enforced.
The solution method for disc dynamics proceeds in two steps, a radiative equilibrium step and a hydrodynamic step. The first of these calculates the thermal properties within the disc based on previous techniques developed by Millar & Marlborough (1998, hereafter MM) . This axisymmetric radiative code calculates the level populations and ionization state of the gas by solving the statistical equilibrium equations at specified locations throughout the disc, and then determines the radiative energy gains and losses based on these computed populations. An initial gas kinetic temperature is assumed for the first iteration. Then, the temperature is adjusted iteratively, and the level populations recalculated, until the rates of energy gain and loss are balanced to within some prescribed accuracy at each location. A poor choice of the assumed initial temperature increases the computational time for the code but does not affect the final radiative solution. The energy density of line radiation is included in an approximate way based on the optical depths along the paths parallel to the stellar rotational axis to the nearest vertical edge of the disc. This is a reasonable assumption since the disc density is vertically stratified (see MM for further detail). This technique allows both the ionization-excitation and the kinetic temperature of the gas to be determined self-consistently given a density and velocity distribution. In previous models of the dynamics of viscous discs (e.g. Lee et al. 1991; Okazaki 2001 Okazaki , 2007 , the gas in the disc surrounding the central B star is assumed to be isothermal (or vary as a simple functional form for the temperature distribution), and the models have mainly been time independent (although see Okazaki et al. 2002) . For the simulations presented in this paper, the temperature is increased or decreased accordingly at that point until the mean density-weighted temperature deviation is less than 10 −4 . The equations of fluid dynamics may be integrated forward in time to produce the time-dependent density and velocity fields using standard methods. No a priori assumptions are made about the state of the gas. This procedure produces self-consistent disc thermal structures and has chemical compositions which include hydrogen, helium and iron (see Jones et al. 2004 for more detail). Although the dominant source of ionizing radiation is the central star, radiation reprocessed from within disc (commonly called diffuse radiation) can contribute to the local ionizing radiation field and the corresponding photoionization rates. A complete treatment of the diffuse field is a computationally intensive task. Therefore, we include this radiation by the on-the-spot approximation which assumes that every recombination to level n = 1 of hydrogen is reabsorbed locally (Osterbrock 1989) . This is a reasonable assumption to use where densities are high and optical depths are large, for example, in the equatorial plane and near the star. This is not valid approximation in the uppermost portions of the disc since it is unlikely that photons will be reabsorbed locally. This method allows us to account for the effect of this additional source of radiation in the densest volumes of gas important to our calculations (see Millar & Marlborough 1999 for more detail).
The second step in this procedure uses this temperature distribution to evolve the density and velocity fields within the disc. As the disc is in hydrostatic equilibrium over a viscous time-scale, then we may simplify this stage significantly by evolving the surface density (i.e. a one-dimensional model), using conservation of mass and momentum:
where
, is the torque per radian, ν is the viscosity, = v φ /R is the angular velocity and the prime indicates a radial derivative. Note that equation 5 is required since we do not assume, a priori, pure Keplerian rotation for the disc. The term that includes the variable K is the correction resulting from the fact that the radial component of the gravitational force changes with height. The K indicates that this term is determined by the gravitational potential, not by the fluid velocity.
The hydrodynamic evolution is calculated using the scheme of Falle (1991) which is accurate to second order in both time and space.
At each hydrodynamical step, the temperature within the disc at radius R is calculated from the density-weighted temperature distribution in the z direction:
This temperature is then used to calculate the sound speed c s and the scaleheight H. For the radiative equilibrium calculation, the disc is assumed to be hydrostatic and the scaleheight H is then used to distribute the density as ρ(R, z) = ρ(R) exp (−z 2 /2H 2 ). These two steps are run in series. The hydrodynamical part is marched forward in time, and then the radiative equilibrium iteration is performed. The radiative equilibrium step must be executed at relatively small time intervals with respect to the viscous time in order to retain physical applicability. This is an important point:
typically for the results presented in the next section, the density field is marched forward in time hydrodynamically by 1 d (model time), and then the temperature and ionization structure are recalculated. In this way, radiative equilibrium is recalculated around 180/α times per viscous time for the stellar parameters we use.
The ionization equilibrium calculation starts at the stellar surface and extends to R = 100 R , using 40 radial points (approximately logarithmically spaced) and 30 points extending above the equatorial plane to three times the scaleheight. The density-weighted temperature is interpolated on to the hydrodynamic grid which has 340 radial points, with a spacing of 0.025 R at the inner boundary, increasing by 1 per cent at each grid point.
R E S U LT S
The mass, radius and effective temperature of the central star used for all the simulations are 17 M , 10 R and 25 000 K, respectively. These values are typical of an early Be star such as γ Cas (although we are not attempting to model any particular star). We are particularly interested in the growth and dissipation phases of Be star discs. According to equation (1), the viscous time at the inner boundary for our typical star, as previously mentioned in Section 2.1, is τ v ≈ 180/α d. Previous investigations have concluded that α is in the range of 0.1-1.0 for Be star discs (see e.g. Lee et al. 1991; Okazaki 2001) . Lee et al. (1991) suggest that for α = 0.1, it may take too long for a disc to develop and therefore the higher values of α may be preferable. We completed our simulations using α = 0.3 and 1.0 for this investigation. Since each of these values for α result in simulations with qualitatively similar results, we have chosen to present the detailed plots for α = 0.3, and describe, in words, differences for α = 1.0.
Initial conditions
Using the analytical work of Okazaki (2001), we set the surface density to ∝ R −2 , the radial velocity to zero and the azimuthal velocity to its Keplerian value:
The inner boundary at R = R has the density fixed at 10 −12 g cm −3 , the azimuthal velocity is set to the Keplerian speeds and the radial velocity is extrapolated from the first cell outside the star on to the stellar boundary.
Disc growth
To generate a self-consistent initial condition, we evolve the disc forward in time by 9000-50 000 d, (corresponding to ∼20-50 τ v ). The result of these simulations then provides the initial conditions for the simulations of the dissipation phases of the disc. Fig. 1 shows the increase in density as the disc fills as a function of radial distance from the central star with α = 0.3. The initial density is shown in the figure as open circles. The solid lines represent the density at a particular times during the simulation. The lines are plotted for the times given by
for i = 0, 1, 2, . . . . Eventually, the density reaches a steady state as the spacing the density profiles with increasing time merge. We find that after 5000 d, the structure is still evolving slowing over a very long time-scale. The same plot with α = 1.0 looks qualitatively similar to Fig. 2 , except that the disc fills more slowly, eventually reaching a similar steady-state density distribution. However, since α = 1.0 results in a greater radial velocity, for simulations with the same initial ρ o , the resultant Hα line has a lower flux (and equivalent width) compared to the simulation with α = 0.3. Fig. 4 shows the evolution of the density-weighted temperature during the fill scenario (with α = 0.3). The disc at large R/R * (greater than ∼20 stellar radii) remains essentially isothermal for the entire simulation with T Disc ≈ 13 000 K. However, there are significant changes in the disc temperature close to the star, as shown in the lower panel of Fig. 4 . As the disc fills, a cooler region with T Disc ≈ 10 000 K forms very close to the star, inside of 1.5 stellar radii, while just outside of this, the temperature rises to nearly 15 000 K and the extent of this hotter region moves outward in R/R * as the simulation progresses. These results show that near the star, the temperature structure can differ significantly from an isothermal prediction due to the radiative energy gains and losses that occur in the disc. Not only do the variations in temperature affect the hydrodynamics, but also these variations affect the optical depths and line strengths.
Disc dissipation
Using the final condition produced above as the initial condition, the azimuthal velocity at the inner boundary is reduced from 1.0 to 0.6 of the Keplerian speed linearly over a 10-d period (this 'spin-down' time prevents numerical problems being produced in the hydrodynamic code for which an abrupt change in azimuthal speed would cause). The density at R = R remains constant in time.
The hydrodynamic profile (variation of density with radius) is shown in Fig. 5 as a function of time for the viscosity parameter α = 0.3. As the disc is no longer supplied with sufficient angular momentum from the star, it becomes an accretion disc, and gas flows on to the star. The central regions react faster than the outer parts, and so the disc accretes from the 'inside out'.
The same simulation with α = 1.0 empties faster which results in a much lower disc density after ∼5000 d. This is especially apparent near the star: see Fig. 6 . This low disc density near the star has implications for lines, such as Hα, that form close to the star. Tycner et al. (2006) report that for an early-type Be star the Hα flux is produced near the star within ∼10 R .
The disc dissipation, and corresponding changes in the observables, proceeds similarly to the disc growth stages but in the opposite sense, as expected. The Hα line flux gradually is reduced and the line goes back into absorption. Fig. 7 shows the relationship between the azimuthal velocity, v φ , and Keplerian rotation for the entire simulation as the disc empties, for α = 0.3. Interestingly, in the interior regions, where many lines form, the deviation from Keplerian rotation is less than 1 per cent. In the outermost regions (200 R/R * ) where the gas density is lowest, the disc rotation is predicted to be 10 per cent under the Keplerian value.
R A D I A L D E N S I T Y VA R I AT I O N
If we assume that the radial density falls off as a power law with increasing distance from the central star, such as,
where R is the radial distance from the star in the equatorial plane, R * is the stellar radius and n is the density index, we can calculate the predicted value of n from our simulations. n has been estimated locally by fitting a straight line to log (r) versus log (ρ). We performed this calculation three times; for each calculation, a different number of radial positions is included (see Fig. 8 ). A line connects the minimum and maximum estimate at each radial position and then n is calculated. These three estimates give very similar results for n. We computed these values for n after a few thousand days, that is, after the disc has reached its steady state. Fig. 8 demonstrates that in the line-forming regions of the disc, the power-law index, n has values between ∼3 and 3.5. These values of n for a viscous disc were first predicted by Porter (1999) and later reiterated by Okazaki (2001) . Note that in Fig. 8 increasing radial distance from the star, the predicted value of n gradually increases to values closer to four near 40 R . In the simulation with α = 1.0, we find similar values for n with the exception that with increasing radial distances, the values for n are more closely dispersed around 3.5, dropping off very slowly with distance from the star. In the line-forming volume of the disc with α = 1.0, the values of n are also close to 3.5. In fact, for α = 1.0, for a radial distance from the star of ∼1-5 R , 3.2 < n < 3.5. Lee et al. (1991) emphasize that an understanding of the nature of disc outbursts will only be achieved through full disc calculations which include taking into account the thermal instability in the radial directions. This point was reiterated more recently by Okazaki (2007) . Mounting evidence seems to support the claims that Be stars have geometrically thin, Keplerian discs, with slowly outflowing equatorial gas (Okazaki 2007) . Since the viscous decretion model seems to be able to reproduce many of the observables, it is necessary to compute detailed models which extend the pioneering work of Lee et al. (1991) via radiative codes which can commute the disc thermal structure self-consistently in combination with hydrodynamics (Okazaki 2007) . We have succeeded in combining hydrodynamical and thermal modelling codes to examine the evolution and stability of viscous disc models applied to Be stars. We find that the viscous time-scales can account for some of the variability in Be star discs, such as Hα line fluxes, and can also account for the appropriate time-scales for Be stars to suddenly build or lose a disc. Carciofi et al. (2007) presented their preliminary results for the Be star, δ Sco using a Monte Carlo code which combines radiative transfer and hydrodynamics. These results support the conclusion that δ Sco is surrounded by a non-isothermal, viscous, Keplerian disc. Carciofi et al. (2007) show a two-dimensional slice of the temperature distribution produced by their models for a typical B3IV star. This figure shows a pronounced cool volume of gas in the equatorial plane where densities are high and optical depths large. This feature is a characteristic of the thermal structures of Be star discs predicted by our models (see e.g. Sigut & Jones 2007) . It seems increasing clear that detailed radiative transfer must be employed in order to get the disc thermal structure correct. We are collaborating with A. C. Carciofi to compare, in detail, predictions of their Monte Carlo code with our non-LTE radiative code by computing models for the Be star, ζ Tau.
C O N C L U S I O N S
In hydrodynamical simulations which result in very low disc densities in portions of the circumstellar envelope, the on-the-spot approximation (see Section 2.1) for calculating diffuse radiation is a poor estimate. This approximation assumes that every photoionization from the ground-state radiatively recombines locally. In volumes of the circumstellar envelope where densities are low, the increase in the mean free path of photons will ensure that these photons are not reabsorbed locally. This effect contributes to heating and as a result, in volumes where the disc densities are very low, the temperatures presented represent an overestimate. In the simulation for which the circumstellar disc empties, this effect is particularly pronounced. We plan to extend our radiative code to include an integration over 4π steradians so that we can account for the diffuse field more precisely.
Future work will require a complete investigation for the range of input parameters, such as α and the assumed density at the surface of the star, ρ o , as well as improvements in the treatment of the diffuse radiation field for a range of Be star spectral types.
We have shown that a proper treatment of radiative transfer, including correct thermal structure, combined with hydrodynamics is required to investigate Be star viscous discs.
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